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On the volume of sectional-hyperbolic sets
Daofei Zhang & Yuntao Zang
Abstract
For a transitive sectional-hypebolic set Λ with positive volume on a d-dimensional mani-
foldM(d ≥ 3), we show that Λ =M and Λ is a uniformly hyperbolic set without singularities.
Keywords: uniformly hyperbolic, sectional-hyperbolic, volume.
1 Introduction
The volume of invariant sets, especially these with some hyperbolicity, play an important
role in understanding the dynamics in a measure-theoretical point of view. For diffeomorphisms,
Bowen in [5] constructs an example of a hyperbolic horseshoe with positive volume for C1 sys-
tem. But when the differentiability is greater than one, [2] proves the nonexistence of hyperbolic
horseshoes with positive volume in the setting of partial hyperbolicity. For flows, people are in-
terested in the measure-theoretical properties of singular-hyperbolic set(a partially hyperbolic
set with sectionally expanding central bundle). One important direction involves the existence
of SRB measures and other statistical properties, e.g. [3], [6]. For the volume of sectional-
hyperbolic set, [1] proves that any proper singualr hyperbolic attractor on three dimensional
manifold has zero volume. In this paper, we partially extend this result for the case of higher di-
mension. More precisely, we prove that a transitive sectional-hyperbolic set with positive volume
must be the whole manifold, moreover, it is uniformly hyperbolic and contains no singularities.
2 Statement of the result
LetM be a compact Riemannian manifold with dimension d ≥ 3. The Riemannian structure
on M induces a volume measure. Let X1(M) be the set of C1 vector field on M and let X1+(M)
be the set of C1 vector field whose derivative DX is Ho¨lder continuous.
We say σ ∈M is a singularity if X(σ) = 0. Let {Xt}t∈R be the flow induced by X. A subset
Λ is called invariant if Xt(Λ) = Λ, for any t ∈ R. A sub-bundle F over an invariant set Λ is
called invariant if DXt(F ) = F , for any t ∈ R. An invariant set Λ is called transitive if the
forward orbits of some point x ∈ Λ is dense in Λ.
Definition 2.1. Suppose Λ is a compact invariant set for X ∈ X1(M) and F is an invariant
sub-bundle over Λ, we say F is uniformly contracting if there exist K > 0, λ ∈ (0, 1) such that
||DXt|Fx || ≤ Kλ
t, ∀ t ≥ 0, x ∈ Λ.
Similarly, we say F is uniformly expanding if there exist K > 0, λ ∈ (0, 1) such that
||DX−t|Fx || ≤ Kλ
t, ∀ t ≥ 0, x ∈ Λ.
Suppose E is another invariant sub-bundle over Λ. We say F dominates E if there exist
1
K > 0, λ ∈ (0, 1) such that
||DXt|Ex || · ||DX−t|FXt(x) || ≤ Kλ
t, ∀ t ≥ 0, x ∈ Λ.
Notice by definition, a uniformly expanding sub-bundle always dominates a uniformly con-
tracting sub-bundle for the positive times.
Definition 2.2. Suppose Λ is a compact invariant set for X ∈ X1(M). We say Λ is a partially
hyperbolic set if there is a continuous invariant splitting
TΛM = E
s ⊕ Ecu
where Es is uniformly contracting and Ecu dominates Es.
In the above setting, the sub-bundle Ecu is called central bundle.
Definition 2.3. Suppose Λ is a compact invariant set for X ∈ X1(M). We say Λ is a uniformly
hyperbolic set if there is a continuous invariant splitting
TΛM = E
s ⊕ 〈X〉 ⊕ Eu
where Es is uniformly contracting and Eu is uniformly expanding.
Definition 2.4. Suppose Λ is a compact invariant set for X ∈ X1(M) and F is an invariant
sub-bundle over Λ with dim(Fx) ≥ 2 for any x ∈ Λ. We say F is sectionally expanding if there
exist K > 0, λ > 0 such that for any x ∈ Λ, any non-collinear vectors v,w in Fx,
|detDXt |span〈v,w〉 | ≥ Ke
λt, ∀ t > 0.
Definition 2.5. A partially hyperbolic set Λ is called sectional-hyperbolic if its central bundle
Ecu is sectionally expanding.
Remark. By definition, we notice that a uniformly hyperbolic set without singularities is always
a sectional-hyperbolic set. Since the uniformly contracting/expanding sub-bundle for X becomes
a uniformly expanding/contracting sub-bundle for the reversed vector field −X, a uniformly
hyperbolic set Λ for X is also a uniformly hyperbolic set for −X.
Our main result is the following:
Theorem A. Assume X ∈ X1+(M) and Λ is a transitive sectional-hyperbolic set with positive
volume. Then Λ =M and Λ is a uniformly hyperbolic set without singularities.
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3 Partial hyperbolicity and sectional expansion
Let Λ be a partially hyperbolic set, for any x ∈ Λ and ε > 0, we define the local strong stable
manifold
W ssε (x) , {y : d(Xt(y),Xt(x)) ≤ ε, lim sup
t→+∞
1
t
log d(Xt(y),Xt(x)) < 0}.
The global strong stable manifold is defined by
W ss(x) ,
⋃
t>0
X−t
(
W ssε (Xt(x))
)
and the stable manifold is defined by
W s(x) ,
⋃
t∈R
Xt
(
W ss(x)
)
.
If Λ is a uniformly hyperbolic set, for x ∈ Λ and ε > 0, besides the local strong stable manifold,
we can also define its local strong unstable manifold by
W uuε (x) , {y : d(X−t(y),X−t(x)) ≤ ε, lim sup
t→+∞
1
t
log d(X−t(y),X−t(x)) < 0}.
The global strong unstable manifold is defined by
W uu(x) ,
⋃
t>0
Xt
(
W uuε (X−t(x))
)
and the unstable manifold is defined by
W u(x) ,
⋃
t∈R
Xt
(
W uu(x)
)
.
It is well know that the stable and unstable manifolds are immersed submanifolds as smooth
as the system.
The following lemma is from Theorem 2.2 in [1].
Lemma 3.1. Let Λ be a partially hyperbolic set with positive volume for X ∈ X1+(M). Then
there exist a point x ∈ Λ and a neighborhood γ of x in W ss(x) such that γ ⊂ Λ.
The following lemma is from Corollary 2.7 in [4].
Lemma 3.2. Let Λ be a sectional-hyperbolic set for X ∈ X1(M) and σ a singularity in Λ. Then
W ss(σ) ∩ Λ = {σ}.
Remark. The proof of Lemma 3.2 in [4] does not use sectional-hyperbolicity, so it holds, in
general, even for partially hyperbolic sets.
Next we use graph transformation to derive uniform expansion from sectional expansion
when there is no singularity.
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Lemma 3.3. Let X ∈ X1(M) and Λ be an invariant compact subset without singularities,
assume there is an continuous sectionally expanding sub-bundle Ecu ⊂ TΛM over Λ with X(x) ⊂
Ecu for any x ∈ Λ. Then there is a continuous invariant splitting Ecu = 〈X〉 ⊕Eu where Eu is
uniformly expanding.
Proof. We first notice the following two facts:
1. Since Λ contains no singularity, there is C > 0 such that
C−1 ≤
||X(Xt(x))||
||X(x)||
≤ C, ∀x ∈ Λ, t ∈ R;
2. Since Ecu is sectionally expanding, there are K > 0 and λ < 1 such that
|detDX−t(x)|span〈X(x),v〉| ≤ Kλ
t, ∀x ∈ Λ, v ∈ Ecux , t > 0.
Choose any continuous sub-bundle F on Λ such that Ecu = 〈X〉⊕F (e.g. F is the orthogonal
bundles of 〈X〉 in Ecu). We use piX and piF to denote the projection on 〈X〉 and F .
Claim.
lim
t→+∞
sup
x∈Λ
||piF ◦DX−t(x)|F || = 0.
proof of the Claim. For the bundle F , we have the following properties:
• By continuity, there is some constant δ such that
sin∠(vF ,X(x)) ≥ δ > 0, ∀x ∈ Λ, vF ∈ Fx;
• By Law of Sines,
||v|| · sin∠(v,X(x)) = ||piF (v)|| · sin∠(piF (v),X(x)), ∀x ∈ Λ, v ∈ E
cu.
Hence for any x ∈ Λ, any t > 0 and any vF ∈ Fx, we have
|det(DX−t(x)|span〈X(x),vF 〉)|
=
||X(X−t(x))|| · ||DX−t(x)(vF )|| · sin∠(DX−t(x)(vF ),X(X−t(x)))
||X(x)|| · ||vF || · sin∠(vF ,X(x))
=
||X(X−t(x))|| · ||piF (DX−t(x)(vF ))|| · sin∠(piF (DX−t(x)(vF )),X(X−t(x)))
||X(x)|| · ||vF || · sin∠(vF ,X(x))
≤ Kλt.
Therefore we have
||piF (DX−t(x)(vF ))||
||vF ||
≤ Kλt
||X(x)|| · sin∠(vF ,X(x))
||X(X−t(x))|| · sin∠(piF (DX−t(x)(vF )),X(X−t(x)))
≤ CKδ−1λt.
This completes the proof of the claim.
Choose T > 0 large enough such that
||DXT (X−T (x))|〈X〉|| · ||piF ◦DX−T (x)|F || ≤
1
2
, ∀x ∈ Λ. (∗)
Define
B˜ ,
∏
x∈Λ
L(Fx, 〈X(x)〉)
4
where L(Fx, 〈X(x)〉) is the Banach space of all bounded linear maps from Fx to 〈X(x)〉. For any
L ∈ B˜, define ||L|| , supx∈Λ ||Lx||. One can check that under this norm, B˜ is a Banach space.
We say L ∈ B˜ is a continuous section if for any continuous vector field σ : Λ → F , the vector
field L ◦ σ : Λ→ 〈X〉 is continuous. Let B ⊂ B˜ be the collection of all continuous sections, one
can check that B is also a Banach space.
Define a map Φ : B → B by
(Φ(L))x , DXT ◦ LX
−T (x) ◦ piF ◦DX−T (x)−DXT ◦ piX ◦DX−T (x), ∀x ∈ Λ.
One can check it is well defined and for any L1, L2 ∈ B, a direct estimation shows
||Φ(L1)− Φ(L2)|| ≤ sup
x∈Λ
(||DXT (X−T (x))|〈X〉|| · ||L
1 − L2|| · ||piF ◦DX−T (x)|F ||).
Then by (∗), we have ||Φ(L1)− Φ(L2)|| ≤ 12 ||L
1 − L2||. By Contraction Mapping Theorem,
there is some L ∈ B with Φ(L) = L. Let Eu = (F,L(F )), by the definition of Φ, Eu is an
DXT -invariant continuous bundle on Λ. By the sectional expansion and the fact that the angle
between Eu and 〈X〉 is uniformly bounded below, we get that Eu is uniformly expanding w.r.t.
DXT . We next show E
u is DXt-invariant for any t ∈ R. Going by contradiction, assume there
exist t0 and w ∈ E
u
x such that
DXt0(w) /∈ E
u
Xt0 (x)
.
Notice
||DX−nT (DXt0(w))|| = ||DXt0(DX−nT (w))|| ≤ ||DXt0 || · ||DX−nT (w)|| → 0.
On the other hand, write DXt0w = w1 + w2 ∈ 〈X〉 ⊕ E
u with w1 6= 0. Then
||DX−nT (DXt0(w))|| ≥ ||DX−nT (w1)|| − ||DX−nT (w2)||, ∀n ∈ N.
Since there is no singularity, ||DX−nT (w1)|| is uniformly bounded below. Since E
u is uniformly
expanding w.r.t. DXT , ||DX−nT (w2)|| → 0. Hence we get ||DX−nT (DXt0(w))|| 9 0, a contra-
diction.
By Lemma 3.3, we get the following consequence.
Corollary 3.4. Suppose Λ is a sectional-hyperbolic set for X ∈ X1(M). If Λ contains no
singularities, then Λ is a uniformly hyperbolic set.
4 Proof of the main result
Proof of the Theorem A. Since Λ has positive volume, by lemma 3.1, there exist a point x ∈ Λ
and a neighborhood γ of x in W ss(x) such that γ ⊂ Λ. Let α(x) ⊂ Λ be the α-limit set of x. We
first notice for any point z ∈ α(x), W ss(z) ⊂ Λ. Indeed, let {tk > 0} be an increasing sequence
such that X−tk(x) → z, then for any compact part D ⊂ W
ss(z), we can find a sequence of
compact subsets γtk ⊂ X−tk(γ) such that γtk
C0
−−→ D. This is the consquence of the fact that the
backward iteration of strong stable manifold is uniformly expanding. Hence α(x) contains no
singularities, for otherwise it would contradict with Lemma 3.2.
Let
Ω =W ss(α(x)) ,
⋃
z∈α(x)
W ss(z).
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Notice Ω is a compact invariant subset of Λ and again by Lemma 3.2, Ω contains no singularities.
Hence by Corollary 3.3, Ω is a uniformly hyperbolic set.
Claim. Ω = Λ.
Proof. Since Ω is invariant, W s(Ω) = Ω. Let W uu(Ω) =
⋃
z∈ΩW
uu(z). Since Ω is a uniformly
hyperbolic set, W uu(Ω) contains an open neighborhood of Ω. Choose wΛ ∈ Λ such that α(wΛ) =
Λ, then there is some t > 0 such that X−t(wΛ) ∈ W
uu(Ω), hence there is some wΩ ∈ Ω such
that α(wΩ) = α(wΛ) = Λ which implies Ω = Λ.
By the Claim, we get that Λ is a uniformly hyperbolic set without singularities andW s(Λ) =
Λ. By the Remark below Definition 2.5, Λ is also a sectional-hyperbolic set for −X. Then we
can repeat the argument above for −X, we also get W u(Λ) = Λ, this implies Λ is open and
closed, hence Λ =M .
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